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Abstract: In a recent paper, Gabriel Navarro and Pham Huu Tiep show that the so-called
Alperin Weight Conjecture can be verified via the Classification of the Finite Simple Groups,
provided any simple group fulfills a very precise list of conditions. Our purpose here is to show
that the equivariant refinement of the Alperin’s Conjecture for blocks formulated by Geoffrey
Robinson in the eighties can be reduced to checking the same statement on any central k*-
extension of any finite almost-simple group, or of any finite simple group up to verifying an
“almost necessary” condition. In an Appendix we develop some old arguments that we need in
the proof.
1. Introduction
1.1. In a recent paper [3], Gabriel Navarro and PhamHuu Tiep show that
the so-called Alperin Weight Conjecture can be verified via the Classification
of the Finite Simple Groups , provided any simple group fulfills a very precise
list of conditions that they consider easier to check than ours, firstly stated
in [6, Theorem 16.45] and significantly weakened in [8, Theorem 1.6]††. As a
matter of fact, our reduction result concerns Alperin’s Conjecture for blocks
in an equivariant formulation which goes back to Geoffrey Robinson in the
eighties (it appears in his joint work [11] with Reiner Staszewski).
1.2. Actually, in the introduction of [6] — from I29 to I37 — we consider
a refinement of Alperin-Robinson’s Conjecture for blocks; but, only in [8]
we really show that its verification can be reduced to check that the same
refinement holds on the so-called almost-simple k∗-groups — namely, central
k∗-extensions of finite groups H containing a normal simple subgroup S such
that H/S is a cyclic p′-group and we have CH(S) = {1} . To carry out
this checking obviously depends on admitting the Classification of the Finite
Simple Groups , and our proof of the reduction itself uses the solvability of
the outer automorphism group of a finite simple group (SOFSG), a known
fact whose actual proof depends on this classification.
1.3. Our purpose here is, from our results in [6] and [8] that we will
recall as far as possible, to show that the Alperin-Robinson’s Conjecture for
blocks can be reduced to checking the same statement on any almost-simple
† We thank Britta Spa¨th for pointing us a mistake in an earlier version of this paper.
†† Gabriel Navarro and Pham Huu Tiep pointed out to us that, when submitting [3], they
were not aware of our paper [8], only available in arXiv since April 2010.
2k∗-group Hˆ and moreover, that it may be still reduced to any k∗-central
extension of any finite simple group provided we check an “almost necessary”
condition (see Proposition 2.14 below) in such an Hˆ . We add an Appendix
which actually deals with a more general situation, but provides tools for the
proof of our reduction.
1.4. Explicitly, let p be a prime number, k an algebraically closed field
of characteristic p , O a complete discrete valuation ring of characteristic zero
admitting k as the residue field, and K the field of fractions of O . Moreover,
let Gˆ be a k∗-central extension of a finite group G — simply called finite
k∗-group of k∗-quotient G [6, 1.23] — b a block of Gˆ [6, 1.25] and Gk(Gˆ, b)
the scalar extension from Z to O of the Grothendieck group of the category
of finitely generated k∗Gˆb-modules [6, 14.3].
1.5. Choose a maximal Brauer (b, Gˆ)-pair (P, e) ; denote by F(b,Gˆ) the
category — called the Frobenius P -category of (b, Gˆ) [6, 3.2] — formed by
all the subgroups of P and, if Q and R are subgroups of P , by the group
homomorphisms F(b,Gˆ)(Q,R) from R to Q determined by all the elements
x ∈ G fulfilling (R, g) ⊂ (Q, f)x where (Q, f) and (R, g) are the corresponding
Brauer (b, Gˆ)-pairs contained in (P, e) ; in particular, we set
F(b,Gˆ)(Q) = F(b,Gˆ)(Q,Q)
∼= NG(Q, f)/CG(Q) 1.5.1.
Recall that the Brauer (b, Gˆ)-pair (Q, f) is called selfcentralizing if the image
f¯ of f in C¯Gˆ(Q) = CGˆ(Q)/Z(Q) is a block of defect zero and then we denote
by (F(b,Gˆ))
sc
the full subcategory of F(b,Gˆ) over the selfcentralizing Brauer
(b, Gˆ)-pairs contained in (P, e) .
1.6. Recall that an (F(b,Gˆ))
sc
-chain is just a functor q : ∆n → (F(b,Gˆ))
sc
from the n-simplex ∆ considered as a category with the morphisms given by
the order relation; then, the proper category of (F(b,Gˆ))
sc
-chains — denoted
by ch∗
(
(F(b,Gˆ))
sc)
— is formed by the (F(b,Gˆ))
sc
-chains as objects and by the
pairs of order-preserving maps and natural isomorphisms of functors as mor-
phisms [6, A2.8]. Denoting by Gr the category of finite groups, we actually
have a functor [6, Proposition A2.10]
aut(F(b,Gˆ))
sc : ch∗
(
(F(b,Gˆ))
sc)
−→ Gr 1.6.1
mapping the (F(b,Gˆ))
sc
-chain q on the stabilizer F(b,Gˆ)(q) of q in F(b,Gˆ)
(
q(n)
)
.
Moreover, setting Q = q(n) and denoting by f the block of CGˆ(Q) such
that (P, e) contains (Q, f) , it is clear that NGˆ(Q, f) acts on the simple
k-algebra k∗C¯Gˆ(Q)f¯ and it is well-known that this action determines a cen-
tral k∗-extension Fˆ(b,Gˆ)(Q) of F(b,Gˆ)(Q) [6, 7.4]; in particular, by restriction
we get a central k∗-extension Fˆ(b,Gˆ)(q) of F(b,Gˆ)(q) .
31.7. Denoting by k∗-Gr the category of k∗-groups with finite k∗-quotient,
in [6, Theorem 11.32] we prove the existence of a suitable functor
âut(F(b,Gˆ))
sc : ch∗
(
(F(b,Gˆ))
sc)
−→ k∗-Gr 1.7.1
lifting aut(F(b,Gˆ))
sc and mapping q on Fˆ(b,Gˆ)(q) ; then, still denoting by Gk the
functor mapping any k∗-group with finite k∗-quotient Gˆ on the scalar exten-
sion from Z to O of the Grothendieck group of the category of finitely gener-
ated k∗Gˆ-modules, and any k
∗-group homomorphism on the corresponding
restriction, we consider the inverse limit
Gk(F(b,Gˆ), âut(F(b,Gˆ))
sc ) = lim
←−
(Gk ◦ âut(F(b,Gˆ))
sc ) 1.7.2,
called the Grothendieck group of F(b,Gˆ) [6, 14.3.3 and Corollary 14.7]; it
follows from [6, I32 and Corollary 14.32] that Alperin’s Conjecture for blocks
is actually equivalent to the existence of an O-module isomorphism
Gk(Gˆ, b) ∼= Gk(F(b,Gˆ), âut(F(b,Gˆ))
sc ) 1.7.3
which actually amounts to saying that both members have the same O-rank.
1.8. Denote by Outk∗(Gˆ) the group of outer k
∗-automorphisms of Gˆ and
by Outk∗(Gˆ)b the stabilizer of b in Outk∗(Gˆ) ; on the one hand, it is clear
that Outk∗(Gˆ)b acts on Gk(Gˆ, b) ; on the other hand, an easy Frattini argu-
ment shows that the stabilizer Autk∗(Gˆ)(P,e) of (P, e) in Autk∗(Gˆ)b covers
Outk∗(Gˆ)b and it is clear that it acts on (F(b,Gˆ))
sc
, so that finally Outk∗(Gˆ)b
still acts on the inverse limit Gk(F(b,Gˆ), âut(F(b,Gˆ))
nc ) [6, 16.3 and 16.4]. A
stronger question is whether or not in 1.7.3 there exists a Outk∗(Gˆ)b-stable
isomorphism and in [8, Theorem 1.6] we prove that it suffices to check this
statement in the almost-simple k∗-groups considered above.
1.9. Here, we are interested in a weaker form of this question, namely in
whether or not there exists a KOutk∗(Gˆ)b-module isomorphism
K ⊗O Gk(Gˆ, b) ∼= K ⊗O Gk(F(b,Gˆ), âut(F(b,Gˆ))
sc ) 1.9.1;
as a matter of fact, it is a numerical question since it amounts to saying that
the Outk∗(Gˆ)b-characters of both members coincide and note that they are
actually rational characters. Thus, it makes sense to relate this statement
with the old Robinson’s equivariant condition recalled below. We still need
some notation; for any Brauer (b, Gˆ)-pair (Q, f) contained in (P, e) , the group
FQ(Q) of inner automorphisms of Q is a normal subgroup of F(b,Gˆ)(Q) and
we set (cf. 1.5.1)
F˜(b,Gˆ)(Q) = F(b,Gˆ)(Q)/FQ(Q)
∼= NG(Q, f)/Q·CG(Q) 1.9.2;
4moreover, if (Q, f) is selfcentralizing then FQ(Q) can be identified to a normal
p-subgroup of Fˆ(b,Gˆ)(Q) ; then, we also set
ˆ˜F(b,Gˆ)(Q) = Fˆ(b,Gˆ)(Q)/FQ(Q) 1.9.3
and denote by o(Q,f) the sum of blocks of defect zero of
ˆ˜F(b,Gˆ)(Q) ; note that,
since the stabilizer Autk∗(Gˆ)(P,e) of (P, e) in Autk∗(Gˆ)b covers Outk∗(Gˆ)b and
acts on (F(b,Gˆ))
sc
, the stabilizer C(Q,f) in a (cyclic) subgroup C of Outk∗(Gˆ)b
of the G-conjugacy class of (Q, f) acts naturally on Gk
( ˆ˜F(b,Gˆ)(Q), o(Q,f)) .
1.10. Following Robinson, let us consider the following equivariant con-
dition:
(E) For any cyclic subgroup C of Outk∗(Gˆ)b we have
rankO
(
Gk(Gˆ, b)
C
)
=
∑
(Q,f)
rankO
(
Gk
( ˆ˜F(b,Gˆ)(Q), o(Q,f))C(Q,f)) 1.10.1
where (Q, f) runs over a set of representatives contained in (P, e) for the set
of C-orbits of G-conjugacy classes of selfcentralizing Brauer (b, Gˆ)-pairs and,
for such a (Q, f) , we denote by C(Q,f) the stabilizer in C of the G-conjugacy
class of (Q, f) .
We are ready to state our first main result.
Theorem 1.11. Assume (SOSFG) and that any block c of any k∗-extension
Hˆ of any finite group H , containing a finite simple group S such that H/S
is a cyclic p′-group and that we have CH(S) = {1} , fulfills the equiva-
riant condition (E). Then, any block b of any k∗-extension Gˆ of any finite
group G fulfills the equivariant condition (E) and, in particular, we have a
KOutk∗(Gˆ)b-module isomorphism
K ⊗O Gk(Gˆ, b) ∼= K ⊗O Gk(F(b,Gˆ), âut(F(b,Gˆ))
sc ) 1.11.1.
2. The obstruction
2.1. In order to explain the obstruction to get a better reduction, let Sˆ
be a k∗-group of non-abelian simple k∗-quotient S and d a block of Sˆ which
fulfill condition (E); choose a maximal Brauer (d, Sˆ)-pair (P, e) and denote
by Q a set of representatives contained in (P, e) for the set of S-conjugacy
classes of selfcentralizing Brauer (d, Sˆ)-pairs; once again since the stabilizer
Autk∗(Sˆ)(P,e) of (P, e) in Autk∗(Sˆ)d covers Outk∗(Sˆ)d and acts on (F(d,Sˆ))
sc
,
the group Outk∗(Sˆ)d acts on the family {Gk
( ˆ˜F(d,Sˆ)(Q), o(Q,f))}(Q,f)∈Q and
5the direct sum of this family becomes an OOutk∗(Sˆ)d-module. Then, since
both KOutk∗(Sˆ)d-modules
K ⊗O Gk(Sˆ, d) and
⊕
(Q,f)∈Q
K ⊗O Gk
( ˆ˜F(d,Sˆ)(Q), o(Q,f)) 2.1.1
actually come from QOutk∗(Sˆ)d-modules, equalities 1.10.1 amount to saying
that these Outk∗(Sˆ)d-representations have the same character and therefore
that we have a KOutk∗(Sˆ)d-module isomorphism
K ⊗O Gk(Sˆ, d) ∼=
⊕
(Q,f)∈Q
K ⊗O Gk
( ˆ˜F(d,Sˆ)(Q), o(Q,f))) 2.1.2.
2.2. Let Hˆ be a k∗-group of finite k∗-quotient H in such a way that Hˆ
contains and normalizes Sˆ , and c a block of Hˆ such that cd 6= 0 ; denoting
by Hˆd the stabilizer of d in Hˆ , Fong’s reduction can be written as follows
[7, Propositions 3.2 and 3.5]
k∗Hˆc = Ind
Hˆ
Hˆd
(
k∗Hˆd(cd)
)
2.2.1
and we know that cd is a block of Hˆd ; hence, for our purposes, we may
assume that Hˆ fixes d and thus that we actually have cd = c . As above, we
assume that A = H/S is a cyclic p′-group and that we have CH(S) = {1} .
2.3. On the other hand, it is clear that CHˆ(P, e) acts on the k
∗-group
ˆ˜F(d,Sˆ)(P ) acting trivially on F˜(d,Sˆ)(P ) ; let us denote by KHˆ(P, e) the kernel
of this action and set
Lˆ = Sˆ·KHˆ(P, e) and D = Lˆ/Sˆ 2.3.1;
it follows from [8, Proposition 3.8] that c is still a block of Lˆ and from
[8, Theorem 3.10] that the source P -interior algebras of (d, Sˆ) and (c, Lˆ) are
isomorphic; in particular, we have [4, Propositions 6.12 and 14.6]
ˆ˜F(d,Sˆ)(P ) =
ˆ˜F(c,Lˆ)(P ) 2.3.2.
2.4. More precisely, it follows from [6, Lemma 15.16] that the block e of
CSˆ(P ) splits into a family {eϕ}ϕ∈Hom(D,k∗) of blocks of
CLˆ(P, e) = KHˆ(P, e) 2.4.1
and then any (P, eϕ) clearly becomes a maximal Brauer (dϕ, Lˆ)-pair for a
suitable block dϕ of Lˆ ; since, by the very definition of KHˆ(P, e) , the group
F˜(d,Sˆ)(P ) acts trivially on this k
∗-group, the number of blocks dϕ coincides
with |Hom(D, k∗)| and then, a simple argument on the dimensions proves
that
k∗Sˆd ∼= k∗Lˆdϕ 2.4.2
6for any ϕ ∈ Hom(D, k∗) . Moreover, from 2.3 above, we have dϕ = c for some
choice of ϕ ; set ec = eϕ and note that it follows from equality 2.3.2 above
and from [8, Corollary 3.12] that we have
F(d,Sˆ) = F(c,Lˆ) and âut(F(d,Sˆ))
sc = âut(F(c,Lˆ))
sc 2.4.3.
Hence, for our purposes, we may replace the pair (d, Sˆ) by the pair (c, Lˆ) ;
in particular, denoting by R a set of representatives contained in (P, ec) for
the set of L-conjugacy classes of selfcentralizing Brauer (c, Lˆ)-pairs, from
isomorphism 2.1.2 we get a KOutk∗(Lˆ)c-module isomorphism
K ⊗O Gk(Lˆ, c) ∼=
⊕
(R,g)∈R
K ⊗O Gk
( ˆ˜F(c,Lˆ)(R), o(R,g)) 2.4.4
since Autk∗(Lˆ) clearly stabilizes Sˆ .
2.5. Set B = NHˆ(P, ec)/NLˆ(P, ec)
∼= Hˆ/Lˆ ; isomorphism 2.4.4 is ob-
viously a KB-isomorphism and therefore, since the group B is cyclic, the
respective B-stable K-bases
Irrk(Lˆ, c) and
⊔
(R,g)∈R
Irrk
( ˆ˜F(c,Lˆ)(R), o(R,g)) 2.5.1
become isomorphic B-sets . That is to say, an irreducible Brauer character
θ of Lˆ in the block c determines a selfcentralizing Brauer (c, Lˆ)-pair (R, g)
in R and a projective irreducible Brauer character θ∗ of ˆ˜F(c,Lˆ)(R) , in such a
way that the stabilizer Bθ of θ in B coincides with the stabilizer of the pair
formed by (R, g) ∈ R and θ∗ .
2.6. On the one hand, note that c is also a block of the stabilizer Hˆθ of
θ ∈ Irrk(c, Lˆ) in Hˆ ; denote by Gk(Hˆθ | θ) the direct summand of Gk(Hˆθ, c)
generated by the classes of the simple k∗Hˆθ-modules whose restriction to Lˆ
involves θ ; then, it follows from the so-called Clifford theory that we have a
canonical isomorphism
Gk(Hˆθ |θ) ∼= Gk(B̂
θ
θ ) 2.6.1
for the central k∗-extension B̂
θ
θ of Bθ defined in 2.7.3 below. Moreover, recall
that we have
Gk(Hˆ, c) =
⊕
θ∈Θ
IndHˆ
Hˆθ
(
Gk(Hˆθ |θ)
)
2.6.2
where Θ is a set of representatives for the set of H-orbits of Irrk(Lˆ, c) . Con-
sequently, since any cyclic subgroup C of Outk∗(Hˆ)c acts on Irrk(Lˆ) , we
have
rankO
(
Gk(Hˆ, c)
C
)
=
∑
θ∈Θ
rankO
(
Gk(B̂
θ
θ )
Cθ
)
2.6.3
where, for any θ ∈ Θ , Cθ denotes the stabilizer in C of the H-orbit of θ .
72.7. More explicitly, denoting by Vθ a k∗Lˆ-module affording θ and by
ρθ : Lˆ → GLk(Vθ) the corresponding k∗-group homomorphism, the action of
Hθ on Lˆ determines a group homomorphism ρ¯θ :Hθ → PGLk(Vθ) and we
can consider the pull-back
Hθ
ρ¯θ−→ PGLk(Vθ)
↑ ↑ πθ
Ĥ
θ
θ −→ GLk(Vθ)
2.7.1
where Ĥ
θ
θ is the k
∗-group formed by the pairs (x, f) ∈ Hθ×GLk(Vθ) such that
ρ¯θ(x) = πθ(f) . Moreover, since the composition of ρ¯θ with the map Lˆ→ Hθ
extends πθ ◦ ρθ , we have an injective canonical k∗-group homomorphism
Lˆ→ Ĥ
θ
θ , so that we get an injective canonical k
∗-group homomorphism
L× k∗ ∼= Lˆ ∗ (Lˆ)◦ −→ Hˆθ ∗ (Ĥ
θ
θ )
◦ 2.7.2
and, identifying L with its image which is a normal subgroup of Hˆθ ∗ (Ĥ
θ
θ )
◦ ,
we set
B̂
θ
θ =
(
Hˆθ ∗ (Ĥ
θ
θ )
◦
)/
L 2.7.3.
2.8. On the other hand, for any selfcentralizing Brauer (c, Lˆ)-pair (R, g)
contained in (P, ec) , set N¯Lˆ(R, g) = NLˆ(R, g)/R and denote by g¯ the image
of g in k∗N¯Lˆ(R, g) ; since g¯ is a block of defect zero of C¯Lˆ(R) , applying again
Fong’s reduction we get [7, Proposition 3.2 and Theorem 3.7]
k∗N¯Lˆ(R, g)g¯
∼= k∗C¯Lˆ(R)g¯ ⊗k k∗
ˆ˜F(c,Lˆ)(R) 2.8.1
and clearly g¯ ⊗ o(R,g) corresponds to the sum of all the blocks of defect
zero in k∗N¯Lˆ(R, g)g¯ . Note that, since the quotient N¯Hˆ(R, g)/N¯Lˆ(R, g) is
a p′-group, the blocks of defect zero of N¯Hˆ(R, g) and N¯Lˆ(R, g) mutually
correspond [6, Proposition 15.9].
2.9. Moreover, since the quotient E = CHˆ(R, g)/CLˆ(R) is cyclic, it
follows again from [6, Lemma 15.16] that the block g of CLˆ(R) splits into
a family {gψ}ψ∈Hom(E,k∗) of blocks of CHˆ(R, g) and, according to [8, 3.7],
the group F˜(c,Lˆ)(R) acts transitively on this family; as in 2.4 above, a simple
argument on the dimensions proves that
k∗CLˆ(R)g
∼= k∗CHˆ(R, g)gψ 2.9.1
for any ψ ∈ Hom(E, k∗) ; setting N¯Hˆ(R, g) = NHˆ(R, g)/R , once again Fong’s
reduction provides the following decomposition [7, Proposition 3.2 and The-
orem 3.7]
k∗N¯Hˆ(R, g)g¯
∼= Ind
N¯Hˆ(R,g)
N¯Hˆ(R,gψ)
(
k∗C¯Hˆ(R, g)g¯ψ ⊗k k∗
ˆ˜F(c,Hˆ)(R)
)
2.9.2
where, as in 1.9.2 above, we have
F˜(c,Hˆ)(R)
∼= N¯Hˆ(R, gψ)/C¯Hˆ(R) 2.9.3.
82.10. Furthermore, since Hom(E, k∗) is a p′-group, p does not divide
|N¯Hˆ(R, g): N¯Hˆ(R, gψ)| and therefore isomorphism 2.9.2 induces a bijection
between the sets of isomorphism classes of projective simple k∗N¯Hˆ(R, g)g¯-
and k∗
ˆ˜F(c,Hˆ)(R)-modules; in other words, Tr
N¯Hˆ(R,g)
N¯Hˆ(R,gψ)
(g¯ψ ⊗ o(R,gψ)) corres-
ponds to the sum n(R,g) of all the blocks of defect zero of k∗N¯Hˆ(R, g)g¯ . But, a
maximal Brauer (c, Hˆ)-pair (P, e◦) such that e◦ appears in the decomposition
of ec (cf. 2.4) contains (R, gψ) for a unique choice of ψ ∈ Hom(Eθ, k∗) , and
we set gψ = g◦ ; in particular, the family R◦ = {(R, g◦)}(R,g)∈R is a set
of representatives contained in (P, e◦) for the set of H-conjugacy classes of
selfcentralizing Brauer (c, Hˆ)-pairs. In conclusion, isomorphism 2.9.2 induces
a natural O-isomorphism
Gk
(
N¯Hˆ(R, g), n(R,g)
)
∼= Gk
( ˆ˜F(c,Hˆ)(R), o(R,g◦)) 2.10.1.
2.11. Now, denote by Θ(R,g) the subset of elements of Θ (cf. 2.6) de-
termining the Brauer (c, Lˆ)-pair (R, g) ; any θ ∈ Θ(R,g) also determines a
projective irreducible character θ∗ of ˆ˜F(c,Lˆ)(R) and then, according to iso-
morphism 2.8.1, θ∗ determines a projective irreducible Brauer character ζθ∗
of k∗N¯Lˆ(R, g)g¯ . Since Hˆθ is also the stabilizer in Hˆ of the pair formed by
(R, g) ∈ R and θ∗ (cf. 2.5), we have
Bθ ∼= NHˆθ (R, g)/NLˆ(R, g) 2.11.1
and, denoting by Gk
(
N¯Hˆθ (R, g) |ζθ∗
)
the direct summand of Gk
(
N¯Hˆθ (R, g), g¯
)
generated by the classes of simple k∗N¯Hˆθ (R, g)-modules whose restriction to
N¯Lˆ(R, g) involves ζθ∗ , it follows again from the Clifford theory that we have
a canonical isomorphism
Gk
(
N¯Hˆθ (R, g) |ζθ∗
)
∼= Gk(B̂
θ∗
θ ) 2.11.2
for an analogous central k∗-extension B̂
θ∗
θ of Bθ . Moreover, since the blocks
of defect zero of N¯Hˆ(R, g) and of N¯Lˆ(R, g) mutually correspond, as in 2.6
above we have
Gk
(
N¯Hˆ(R, g), n(R,g)
)
=
⊕
θ∈Θ(R,g)
Ind
NHˆ(R,g)
NHˆθ
(R,g)
(
Gk
(
N¯Hˆθ (R, g) |ζθ∗
))
2.11.3.
2.12. Finally, it is clear that Autk∗(Hˆ) stabilizes Sˆ and, consequently,
that Autk∗(Hˆ)c stabilizes Lˆ and acts on Gk(Lˆ, c) ; more precisely, the sta-
bilizer Autk∗(Hˆ)(P,ec) of (P, ec) in Autk∗(Hˆ)c acts on (F(c,Lˆ))
sc
and the
9KOutk∗(Lˆ)c-module isomorphism 2.4.4 restricts to a K
(
Autk∗(Hˆ)(P,ec)
)
-iso-
morphism; moreover, this isomorphism clearly preserves the KB-isotypic
components of both members and, since Autk∗(Hˆ)(P,ec) covers Outk∗(Hˆ)c ,
we still have a KOutk∗(Hˆ)c-module isomorphism
(
K ⊗O Gk(Lˆ, c)
)B ∼= ( ⊕
(R,g)∈R
K ⊗O Gk
( ˆ˜F(c,Lˆ)(R), o(R,g)))B 2.12.1;
in particular, as in 2.4 above, for any cyclic subgroup C of Outk∗(Hˆ)c , the
respective C-stable K-bases indexed by the quotient sets
Irrk(Lˆ, c)/B and
( ⊔
(R,g)∈R
Irrk
( ˆ˜F(c,Lˆ)(R), o(R,g)))/B 2.12.2
become isomorphic C-sets .
2.13. Consequently, for any cyclic subgroup C of Outk∗(Hˆ)c , we can
choose a B-set isomorphism
Irrk(Lˆ, c) ∼=
⊔
(R,g)∈R
Irrk
( ˆ˜F(c,Lˆ)(R), o(R,g)) 2.13.1
inducing a C-set isomorphism between the quotient sets in 2.12.2; in this
situation, considering θ ∈ Θ and the corresponding pair formed by (R, g) ∈ R
and by a projective irreducible character θ∗ of ˆ˜F(c,Lˆ)(R) , the stabilizer in
C(R,g) of θ
∗ coincides with Cθ and we have (cf. 2.10.1 and 2.11.2)
Gk
( ˆ˜F(c,Hˆ)(R), o(R,g◦))C(R,g◦) ∼= Gk(N¯Hˆ(R, g), n(R,g))C(R,g)
∼=
⊕
θ∈Θ(R,g)
Gk
(
N¯Hˆθ (R, g) |ζθ∗
)Cθ
∼=
⊕
θ∈Θ(R,g)
Gk(B̂
θ∗
θ )
Cθ
2.13.2.
At this point, it follows from equalities 2.6.3 and isomorphisms 2.13.2 that a
sufficient statement to guaranteeing that the block c of Hˆ fulfillis condition
(E) is that, for any cyclic subgroup C of Outk∗(Hˆ)c and any θ ∈ Θ , the
following equality holds
rankO
(
Gk(B̂
θ
θ )
Cθ
)
= rankO
(
Gk(B̂
θ∗
θ )
Cθ
)
2.13.3.
Note that this equality forces that the action of Cθ is trivial on Gk(B̂
θ
θ ) if and
only if it is trivial on Gk(B̂
θ∗
θ ) . We are ready to state our second main result.
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Proposition 2.14. With the notation and the hypothesis above, assume that
we have a KOutk∗(Lˆ)c-module isomorphism
K ⊗O Gk(Lˆ, c) ∼=
⊕
(R,g)∈R
K ⊗O Gk
( ˆ˜F(c,Lˆ)(R), oR) 2.14.1.
Let C be a cyclic subgroup of Outk∗(Hˆ)c and θ and element in Irrk(Lˆ, c) . If
the actions of Cθ on Gk(Hˆθ | θ) and on Gk
(
N¯Hˆθ (R, g) | ζθ∗
)
have the same
kernel then we have
rankO
(
Gk(B̂
θ
θ )
Cθ
)
= rankO
(
Gk(B̂
θ∗
θ )
Cθ
)
2.14.2.
3. Proof of the second main result
3.1. Let A be a cyclic p′-group and set Aˆ = A× k∗ ; we have an obvious
split exact sequence
1 −→ Hom(A, k∗) −→ Autk∗(Aˆ) −→ Aut(A) −→ 1 3.1.1
and a canonical O-module isomorphism
Gk(Aˆ) ∼= OHomk∗(Aˆ, k
∗) 3.1.2;
moreover, the action of Hom(A, k∗) ⊂ Autk∗(Aˆ) on OHomk∗(Aˆ, k∗) through
isomorphism 3.1.2 is just defined by the “product”
Hom(A, k∗)×Homk∗(Aˆ, k
∗) −→ Homk∗(Aˆ, k
∗) 3.1.3.
On the other hand, a subgroup of Hom(A, k∗) is the image of Hom(A/D, k∗)
for some subgroup D of A and it is easily checked that the restriction induces
an O-module isomorphism
Gk(Aˆ)
Hom(A/D,k∗) ∼= Gk(Dˆ) 3.1.4.
Lemma 3.2. With the notation above, let C and C′ be subgroups of Autk∗(Aˆ)
having the same order and the same image in Aut(A) . Then, we have
rankO
(
Gk(Aˆ)
C
)
= rankO
(
Gk(Aˆ)
C′
)
3.2.1.
Proof: We argue by induction on |A| ; according to our hypothesis, we have
|C ∩ Hom(A, k∗)| = |C′ ∩Hom(A, k∗)| 3.2.2;
since Hom(A, k∗) is cyclic, we actually get the equality
C ∩ Hom(A, k∗) = C′ ∩Hom(A, k∗) 3.2.3
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and this intersection is the image of Hom(A/D, k∗) for some subgroup D
of A ; moreover, the restriction determines a commutative diagram of short
exact sequences
1 1 1
↓ ↓ ↓
1 −→ Hom(A/D, k∗) −→ X −→ Y −→ 1
↓ ↓ ↓
1 −→ Hom(A, k∗) −→ Autk∗(Aˆ) −→ Aut(A) −→ 1
↓ ↓ ↓
1 −→ Hom(D, k∗) −→ Autk∗(Dˆ) −→ Aut(D) −→ 1
↓ ↓ ↓
1 1 1
3.2.4
where all the horizontal sequences are split since we can choose compatible
splittings in the middle and the bottom horizontal sequences.
Then, since C and C′ have the same image in Aut(A) , they also have
the same image in Aut(D) and we actually get C ∩ X = C′ ∩ X , so that
the images C˜ and C˜′ of C and C′ in Autk∗(Dˆ) still have the same order;
moreover, according to 3.1.4 and 3.2.3, we obtain
Gk(Aˆ)
C ∼= Gk(Dˆ)
C˜ and Gk(Aˆ)
C′ ∼= Gk(Dˆ)
C˜′ 3.2.5;
thus, if D 6= A then it suffices to apply our induction hypothesis.
From now on, we assume that
C ∩ Hom(A, k∗) = {1} = C′ ∩ Hom(A, k∗) 3.2.6.
Let us consider the residual Grothendieck group of Aˆ [6, 15.22]
RGk(Aˆ) =
⋂
E
Ker
(
ResAˆ
Eˆ
)
3.2.7
where E runs over the set of proper subgroups of A and, for such an E , we
denote by
ResAˆ
Eˆ
: Gk(Aˆ) −→ Gk(Eˆ) 3.2.8
the restriction map; it is easily checked that we have a canonical isomorphism
[6, 15.23.4]
Gk(Aˆ) ∼=
⊕
E
RGk(Eˆ) 3.2.9
where E runs over the set of subgroups of A . In particular, we get
Gk(Aˆ)
C ∼=
⊕
E
RGk(Eˆ)
C and Gk(Aˆ)
C′ ∼=
⊕
E
RGk(Eˆ)
C′ 3.2.10
where E runs over the set of subgroups of A .
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On the other hand, for any proper subgroup E of A , C and C′ have as
above the same image in Aut(E) ; moreover, the products of C and C′ by the
image of Hom(A/E, k∗) in Autk∗(Aˆ) have the same order, and their images in
Autk∗(Eˆ) respectively coincide with the images of C and C
′ ; now, the argu-
ment above proves that these images also have the same order. Consequently,
it follows again from our induction hypothesis that we already have
rankO
(
Gk(Eˆ)
C
)
= rankO
(
Gk(Eˆ)
C′
)
3.2.11.
In particular, according to the corresponding isomorphisms 3.2.10, this forces∑
F
rankO
(
RGk(Fˆ )
C
)
=
∑
F
rankO
(
RGk(Fˆ )
C′
)
3.2.12
where F runs over the set of subgroups of E , and, since equalities hold for
any proper subgroup E of A , we finally obtain
rankO
(
RGk(Eˆ)
C
)
= rankO
(
RGk(Eˆ)
C′
)
3.2.13.
In conclusion, always according to the isomorphisms 3.2.10, it remains
to prove that
rankO
(
RGk(Aˆ)
C
)
= rankO
(
RGk(Aˆ)
C′
)
3.2.14.
The equality Aˆ = A× k∗ defines an splitting of the exact sequence 3.1.1
Autk∗(Aˆ) ∼= Hom(A, k
∗)⋊Aut(A) 3.2.15
and O-module isomorphisms
Gk(Aˆ) ∼= Gk(A) and RGk(Aˆ) ∼= RGk(A) 3.2.16;
we make the corresponding identifications; note that Gk(A) has an O-algebra
structure and that RGk(A) is an ideal; then, for any χ ∈ Gk(A) , let us
denote by µχ the multiplication by χ in Gk(A) . Moreover, denoting by δa the
characteristic K-valued function of a ∈ A and by A∗ ⊂ A the set of generators
of A , it is quite clear that {δa}a∈A∗ is a K-basis of K ⊗O RGk(A) .
In particular, the image C¯ of C in Aut(A) acts on K⊗O RGk(A) acting
freely on this basis, and for any σ ∈ C there is ψσ ∈ Hom(A, k∗) such that
σ = ψσ·σ¯ where σ¯ denotes the image of σ in Aut(A) (cf. 3.2.15), so that for
any a ∈ A∗ we get
σ(δa) = (µψσ ◦ σ¯)(δa) = ψσ
(
σ¯(a)
)
·δσ¯(a) 3.2.17
where we identify the group k∗ with its canonical lifting to K∗ ; thus, if
O ⊂ A∗ is a C¯-orbit then the ideal IO =
⊕
a∈O K·δa of K ⊗O Gk(A) is
C-stable and, in order to prove equality 3.2.13, it suffices to show that (IO)C
has dimension one.
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But, for any σ, τ ∈ C in Autk∗(Aˆ) we get
ψτσ·τσ = τσ = (ψτ ·τ¯)(ψσ ·σ¯) = ψτ (τ¯ ·ψσ·τ¯
−1)·τσ 3.2.18
which forces ψτσ = ψτ (τ¯ ·ψσ·τ¯−1) ; then, choosing a ∈ O , it is clear that the
element
χ =
∑
σ∈C
σ(δa) =
∑
σ∈C
(µψσ ◦ σ¯)(δa) 3.2.19
is invertible in IO and, moreover, for any τ ∈ C , we have
τ¯(χ) =
∑
σ∈C
τ¯
(
(µψσ ◦ σ¯)(δa)
)
=
∑
σ∈C
(
(τ¯ ◦ µψσ ◦ τ¯
−1) ◦ τσ
)
(δa)
=
∑
σ∈C
(µψ−1τ ◦ µψτσ ◦ τσ)(δa) = ψ
−1
τ χ
3.2.20;
consequently, for any a′ ∈ O we get
(µχ−1 ◦ τ ◦ µχ)(δa′) = (µχ−1 ◦ µψτ )τ¯ (χδa′) = χ
−1ψτ τ¯(χ)τ¯ (δa′)
= τ¯ (δa′)
3.2.21;
that is to say, the actions of τ and τ¯ on IO are conjugate each other; since
(IO)C¯ has cleraly dimension one, we are done.
3.3. We are ready to prove Proposition 2.14, so we assume that isomor-
phism 2.14.1 holds; let C be a cyclic subgroup of Outk∗(Hˆ)c and θ an element
in Irrk(Lˆ, c) ; we already know that Cθ stabilizes a pair formed by (R, g) ∈ R
and by a projective irreducible character θ∗ of ˆ˜F(c,Lˆ)(R) , and therefore it acts
on Bθ (cf. 2.11); more precisely, Cθ acts on both k
∗-groups B̂
θ
θ and B̂
θ∗
θ and
these actions lift its action on Bθ . Moreover, since Bθ is a cyclic p
′-group,
we have k∗-isomorphisms
B̂
θ
θ
∼= Bθ × k
∗ ∼= B̂
θ∗
θ 3.3.1
lifting the identity on Bθ ; setting Bˆθ = Bθ × k∗ , since Autk∗(Bˆ) acts faith-
fully on Gk(Bˆ) , if we assume that the actions of Cθ on Gk(Hˆθ | θ) and on
Gk
(
N¯Hˆθ (R, g) | ζθ∗
)
have the same kernel, then it follows from isomorphisms
2.6.1 and 2.11.2 that the images of Cθ in Autk∗(B̂
θ
θ ) and in Autk∗(B̂
θ∗
θ ) have
the same order. Now, equality 2.14.2 follows from lemma 3.2; we are done.
4. Proof of the first main result
4.1. In [8, Theorem 1.6], for any block b of any k∗-group Gˆ of finite
k∗-quotient, choosing a maximal Brauer (b, Gˆ)-pair (P, e) and denoting by
F(b,Gˆ) the Frobenius P -category of (b, Gˆ) (cf. 1.5), we prove that the existence
of an OOutk∗(Gˆ)b- module isomorphism
Gk(Gˆ, b) ∼= Gk(F(b,Gˆ), âut(F(b,Gˆ))
sc ) 4.1.1
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is equivalent to the existence of such an isomorphism for any block c of any
almost simple k∗-group Hˆ . Although not explicit, it is easy to check that, in
all the steps of the proof, if we only assume our isomorphisms defined over
the corresponding K-extensions, we still obtain isomorphisms defined over
the K-extensions. Consequently, we may apply the following result to our
present situation.
Theorem 4.2. Assume (SOSFG). If for any block c of positive defect of any
almost simple k∗-group Hˆ there is a KOutk∗(Hˆ)c-module isomorphism
K ⊗O Gk(Hˆ, c) ∼= K ⊗O Gk(F(c,Hˆ), âut(F(c,Hˆ))
sc ) 4.2.1,
then for any block b of any k∗-group Gˆ of finite k∗-quotient there is an
KOutk∗(Gˆ)b-module isomorphism
K ⊗O Gk(Gˆ, b) ∼= K ⊗O Gk(F(b,Gˆ), âut(F(b,Gˆ))
sc ) 4.2.2.
4.3. With the same notation, it is clear that isomorphism 4.2.2 is equi-
valent to the equality of the Outk∗(Gˆ)b-characters of both members which, as
in 2.1 above, amounts to saying that for any cyclic subgroup C of Outk∗(Gˆ)b
we have
rankO
(
Gk(F(b,Gˆ), âut(F(b,Gˆ))
sc )C
)
= rankO
(
Gk(Gˆ, b)
C
)
4.3.1 .
Consequently, in order to prove that Theorem 4.2 implies Theorem 1.11 it
suffices to show that, under the hypothesis in Theorem 1.11, we have (cf. 1.9)
rankO
(
Gk(F(b,Gˆ), âut(F(b,Gˆ))
sc )C
)
=
∑
(Q,f)
rankO
(
Gk
( ˆ˜F(b,Gˆ)(Q), o(Q,f))C(Q,f)) 4.3.2
where (Q, f) runs over a set of representatives contained in (P, e) for the
set of C-orbits of G-conjugacy classes of selfcentralizing Brauer (b, Gˆ)-pairs
and, for such a (Q, f) , we denote by C(Q,f) the stabilizer of the G-conjugacy
class of (Q, f) in C . Indeed, our hypothesis in Theorem 1.11 implies that
any block c of any almost-simple k∗-group Hˆ fulfills equalities 1.10.1; then,
equalities 4.3.2 show that the pair (c, Hˆ) also fulfills equalities 4.3.1 and
therefore isomorphism 4.2.1 holds. At this point, Theorem 4.2 implies that,
for any block b of any k∗-group Gˆ of finite k∗-quotient, isomorphism 4.2.2
holds and therefore the pair (b, Gˆ) fulfills equalities 4.3.1; finally, this time
equalities 4.3.2 show that the pair (b, Gˆ) fulfills equalities 1.10.1.
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4.4. Note that, arguing by induction on |G| , under the hypothesis of
Theorem 1.11 we may assume that for any block c of any k∗-group Hˆ such
that |H | < |G| and any cyclic subgroup D of Outk∗(Hˆ)c we have
rankO
(
Gk(Hˆ, c)
D
)
=
∑
(R,g)
rankO
(
Gk
( ˆ˜F(c,Hˆ)(R), o(R,g))D(R,g)) 4.4.1
where (R, g) runs over a set of representatives contained in a maximal Brauer
(c, Hˆ)-pair for the set of D-orbits of H-conjugacy classes of selfcentralizing
Brauer (c, Hˆ)-pairs. But, as in 2.10 above, denoting by n(R,g) the sum of all
the blocks of defect zero of k∗N¯Hˆ(R, g)g¯ , it follows again from [7, Proposi-
tion 3.2 and Theorem 3.7] that we have a canonical isomorphism
Gk
(
N¯Hˆ(R, g), n(R,g)
)
∼= Gk
( ˆ˜F(c,Hˆ)(R), o(R,g)) 4.4.2;
actually, Tr
N¯Hˆ(R)
N¯Hˆ(R,g)
(n(R,g)) is a sum of blocks of defect zero of N¯Hˆ(R) and
all the blocks of defect zero of N¯Hˆ(R) involved in BrR(c) appear in these
sums. Moreover, for any selfcentralizing Brauer (b, Gˆ)-pair (Q, f) we have
n(Q,f) 6= 0 only if Op
(
N¯Gˆ(Q, f)
)
= {1} ; in this case, it is easily checked that
any normal p-subgroup U of Gˆ is contained in Q and, setting ˆ¯G = Gˆ/U and
Q¯ = Q/U we clearly have N¯ ˆ¯G(Q¯)
∼= N¯Gˆ(Q) . Consequently, if Op(Gˆ) 6= {1}
then it is easily checked from the induction hypothesis that the pair (b, Gˆ)
also fulfills equality 4.4.1
4.5. As a matter of fact, in the sequel it is more convenient to consider
the exterior quotient F˜(b,Gˆ) of F(b,Gˆ) [6, 1.3] formed by the same objects and
by the morphisms ϕ˜ :R → Q where ϕ˜ denotes the Q-conjugacy class of an
F(b,Gˆ)-morphism ϕ :R→ Q , the composition being induced by the composi-
tion in F(b,Gˆ) ; similarly, (F˜(b,Gˆ))
sc
is the full subcategory of F˜(b,Gˆ) determined
by the set of selfcentralizing Brauer (b, Gˆ)-pairs contained in (P, e) . As in 1.6
above, we consider the proper category of (F˜(b,Gˆ))
sc
-chains ch∗
(
(F˜(b,Gˆ))
sc)
and
we still have the corresponding functor [6, Proposition A2.10]
aut(F˜(b,Gˆ))
sc : ch∗
(
(F˜(b,Gˆ))
sc)
−→ Gr 4.5.1.
In [6, 14.9] we show that this functor can also be lifted to an essentially
unique functor
âut(F˜(b,Gˆ))
sc : ch∗
(
(F˜(b,Gˆ))
sc)
−→ k∗-Gr 4.5.2
which composed with the canonical funtor
ch∗
(
(F(b,Gˆ))
sc)
−→ ch∗
(
(F˜(b,Gˆ))
sc)
4.5.3
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admits a natural map from âut(F(b,Gˆ))
sc (cf. 1.7.1); then, for any (F˜(b,Gˆ))
sc
-
chain q : ∆n → (F˜(b,Gˆ))
sc
, we denote by ˆ˜F(b,Gˆ)(q) the image of q by the functor
in 4.5.2.
4.6. We actually will prove equality 4.3.2 in two steps; on the one hand,
we will adapt our arguments in the proof of [6, Corollary 14.32] in order to
show that
rankO
(
Gk(F(b,Gˆ),âut(F(b,Gˆ))
sc )C
)
=
∑
q∈Q(b,Gˆ)
(−1)ℓ(q)rankO
(
Gk
( ˆ˜F(b,Gˆ)(q))Cq) 4.6.1
where Q(b,Gˆ) is a set of representatives, fully normalized in F(b,Gˆ) (see A7
below), for the set of F˜(b,Gˆ)-isomorphism classes of regular (F˜(b,Gˆ))
sc
-chains
(see A6 below) and, for such a q : ∆n → (F˜(b,Gˆ))
sc
, Cq denotes the stabilizer
in C of the isomorphism class of q and we set ℓ(q) = n . On the other hand,
from Lemmas A13 and A14 below and our induction hypothesis we will prove
that ∑
q∈Q(b,Gˆ)
(−1)ℓ(q)rankO
(
Gk
( ˆ˜F(b,Gˆ)(q))Cq)
=
∑
(Q,f)
rankO
(
Gk
( ˆ˜F(b,Gˆ)(Q), o(Q,f))C(Q,f))
4.6.2
where (Q, f) runs over the same set of representatives as above (cf. 1.9).
4.7. In the first step, we need some notation from [6, Ch. 14]; for any
h ∈ N− pN , let us denote by Uh the group of h-th roots of unity in O∗ and
by (hF˜(b,Gˆ))
sc
the category where the objects are the pairs Qρ determined by
a selfcentralizing Brauer (b, Gˆ)-pair (Q, f) contained in (P, e) (cf. 1.5) and by
an injective group homomorphism ρ :Uh → F˜(b,Gˆ)(Q) (cf. 1.9.2), and where
the morphisms from another such a pair Rσ to Qρ are the F˜(b,Gˆ)-morphisms
ϕ˜ :R → Q such that, for any ξ ∈ Uh , we have σ(ξ) ◦ ϕ˜ = ϕ˜ ◦ ρ(ξ) [6, 14.25].
Similarly, we denote by Uhℵ the category of finite Uh-sets — namely, finite
sets endowed with a Uh-action — and by [6, 14.21]
FctUh :
Uhℵ −→ O-mod 4.7.1
the contravariant functor mapping any finite Uh-set X on the O-module
FctUh(X,O) of the O-valued functions over X preserving the Uh-actions —
Uh acting on O by multiplication. Then, we consider the functor
sh : (
hF˜(b,Gˆ))
sc
−→ Uhℵ 4.7.2
provided by [6, Proposition 14.28] and denote by Knh the extension to K of
the composed functor FctUh ◦ sh .
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4.8. Now, it follows from [6, Theorem 14.30] that, for any n ≥ 1 , we
have
Hn
(
(hF˜(b,Gˆ))
sc
,Knh
)
= {0} 4.8.1;
moreover, in [4, A3.17] we consider the stable cohomology groups, denoted by
Hn∗
(
(hF˜(b,Gˆ))
sc
,Knh
)
, computed from the n-cocycles and the n-cobaundaries
which are “stable” by the obvious isomorphisms and, since we are working
over the field K , in [6, Propositions A4.13] we prove that, for any n ∈ N , we
have
Hn∗
(
(hF˜(b,Gˆ))
sc
,Knh
)
∼= Hn
(
(hF˜(b,Gˆ))
sc
,Knh
)
4.8.2.
Finally, it is quite clear that the category (hF˜(b,Gˆ))
sc
fulfills the condition
[6, A5.1.1] and we can consider the regular (hF˜(b,Gˆ))
sc
-chains, namely the
(hF˜(b,Gˆ))
sc
-chains qη : ∆n −→ (hF˜(b,Gˆ))
sc
[6, Proposition 14.27] such that
qη(i−1 • i) is not an isomorphism for any 1 ≤ i ≤ n [6, A5.2]; then, in
[6, Proposition A4.7] we show that the groups Hn∗
(
(hF˜(b,Gˆ))
sc
,Knh
)
can be
computed from the regular (hF˜(b,Gˆ))
sc
-chains, namely that, for any n ∈ N ,
we have
Hn∗
(
(hF˜(b,Gˆ))
sc
,Knh
)
∼= Hnr
(
(hF˜(b,Gˆ))
sc
,Knh
)
4.8.3.
4.9. In conclusion, for any n ≥ 1 , we have
Hnr
(
(hF˜(b,Gˆ))
sc
,Knh
)
= {0} 4.9.1;
that is to say, for any n ∈ N setting
Cnr =
∏
qη
K⊗O FctUh
(
sh
(
qη(0)
)
,O
)F˜(b,Gˆ)(q)η
4.9.2
where q runs over a set of representatives for the set of isomorphism classes
of regular (F˜(b,Gˆ))
sc
-chains, η :Uh → F˜(q) runs over the set of injective group
homomorphisms [6, Proposition 14.27] and F˜(b,Gˆ)(q)η denotes the stabilizer
of η in F˜(b,Gˆ)(q) , we have a finite exact sequence
0 −→ H0
(
(hF˜(b,Gˆ))
sc
,Knh
)
−→ C0r −→ . . . −→ C
n
r −→ . . . 4.9.3.
But, since we are working over K , for any cyclic subgroup C of Outk∗(Gˆ)b
we still have the finite exact sequence of C-fixed points
0 −→ H0
(
(hF˜(b,Gˆ))
sc
,Knh
)C
−→ (C0r )
C −→ . . . −→ (Cnr )
C −→ . . . 4.9.4.
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Consequently, we still get
dimK
(
H0
(
(hF˜(b,Gˆ))
sc
,Knh
)C)
=
∑
qη
(−1)ℓ(q
η) dimK
(
K ⊗O FctUh
(
sh
(
qη(0)
)
,O
)F˜(b,Gˆ)(q)η⋊Cq˜η) 4.9.5
where qη runs over a set of representatives for the isomorphism classes of
regular (hF˜(b,Gˆ))
sc
-chains [6, Proposition 14.27] and Cqη denotes the stabilizer
in C of the isomorphism class of qη .
4.10. Finally, on the one hand, it follows from [6, 14.28.3] that we have
rankO
(
Gk(F(b,Gˆ), âut(F(b,Gˆ))
sc )C
)
=
∑
h∈N−pN
dimK
(
H0
(
(hF˜(b,Gˆ))
sc
,Knh
)C) 4.10.1.
On the other hand, for any regular (F˜(b,Gˆ))
sc
-chain q , setting Fˆ = ˆ˜F(b,Gˆ)(q)
and F = F˜(b,Gˆ)(q) , it follows from [6, 14.15.3] that we have
Gk(Fˆ )
Cq ∼=
( ⊕
h∈N−pN
⊕
η∈Mon(Uh,F )
FctUh
(
(̟h,Fˆ )
−1(η),O
))F⋊Cq
4.10.2
where Cq denotes the stabilizer in C of the isomorphism class of q and, for
any h ∈ N− pN , setting Uˆh = Uh × k∗ we respectively denote by
Mon
(
Uh, F˜(b,Gˆ)(q)
)
and Monk∗
(
Uˆh,
ˆ˜F(b,Gˆ)(q)
)
4.10.3
the sets of injective group and k∗-group homomorphisms from Uh to F˜(b,Gˆ)(q)
and from Uˆh to
ˆ˜F(b,Gˆ)(q) , and by
̟
h, ˆ˜F(b,Gˆ)(q)
: Monk∗
(
Uˆh,
ˆ˜F(b,Gˆ)(q)
)
−→ Mon
(
Uh, F˜(b,Gˆ)(q)
)
4.10.4
the canonical map.
4.11. But, by the very definition of the functor sh in [6, Proposi-
tion 14.28], for any regular (hF˜(b,Gˆ))
sc
-chain qη we have
sh
(
qη(0)
)
= (̟
h, ˆ˜F(b,Gˆ)(q(0))
)−1(ιq0 ◦ η)
∼= (̟
h, ˆ˜F(b,Gˆ)(q)
)−1(η) 4.11.1
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where ιq0 : F˜(q) → F˜
(
q(0)
)
is the structural map [6, 14.26]. Consequently,
isomorphism 4.10.2 becomes
Gk
(
Fˆ(b,Gˆ)(q)
)Cq
∼=
( ⊕
h∈N−pN
⊕
η∈Mon(Uh,F˜(b,Gˆ)(q))
FctUh
(
sk
(
qη(0)
)
,O
))F˜(b,Gˆ)(q)⋊Cq
∼=
⊕
h∈N−pN
⊕
η∈Mon(Uh,F˜(b,Gˆ)(q))
FctUh
(
sk
(
qη(0)
)
,O
)F˜(b,Gˆ)(q)η⋊Cqη
4.11.2
In conclusion, the sum of all the equalities 4.9.5 when h runs over N − pN
yields
rankO
(
Gk(F(b,Gˆ),âut(F(b,Gˆ))
sc )C
)
=
∑
q∈Q(b,Gˆ)
(−1)ℓ(q)rankO
(
Gk
( ˆ˜F(b,Gˆ)(q))Cq) 4.11.3,
proving equality 4.6.1.
4.12. Before going further, note that in the right-hand member many
pairs of terms in this sum cancel each other; more precisely, it easily follows
from Lemma A13 below that, in this sum, we can replace the setQ(b,Gˆ) by the
image in ch∗
(
(F˜(b,Gˆ))
sc)
of a set of representatives for the isomorphism classes
in the intersectionNF(b,Gˆ) and, similarly, from Lemma A14 below that we still
can replace this set by the image in ch∗
(
(F˜(b,Gˆ))
sc)
of a set of representatives
for the isomorphism classes in the intersection RF(b,Gˆ) ; explicitly, we get
rankO
(
Gk(F(b,Gˆ),âut(F(b,Gˆ))
sc )C
)
=
∑
qˇ∈R
F
(b,Gˆ)
(−1)ℓ(q)rankO
(
Gk
( ˆ˜F(b,Gˆ)(q))Cq) 4.12.1
where, for any (F˜(b,Gˆ))
sc
-chain q , we denote by qˇ the isomorphism class of
any lifting of q to an (F(b,Gˆ))
sc
-chain.
4.13. On the other hand, let q : ∆n → (F˜(b,Gˆ))
sc
be a regular (F˜(b,Gˆ))
sc
-
chain fully normalized in F˜(b,Gˆ) (see A6 and A7 below where we replace
F(b,Gˆ) by F˜(b,Gˆ) ) and consider the corresponding normalizer NGˆ(q) ; since the
Brauer (b, Gˆ)-pair (Qq, bq) determined by q(n) = Qq and by the condition
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(Qq, bq) ⊂ (P, e) is selfcentralizing (cf. 1.5), bq is actually a nilpotent block
of CGˆ(Qq) ; moreover, it is well-known and easily checked that bq remains a
block of NGˆ(q) . Then, it follows from [10, Theorem 3.5 and Corollary 3.15]
(see also [2, Theorems 1.8 and 1.12]) that there exists a suitable k∗-group
LˆF(b,Gˆ)(q) , containing NP (q) and admitting the exact sequence
1 −→ q(0) −→ LˆF(b,Gˆ)(q) −→
ˆ˜F(b,Gˆ)(q) −→ 1 4.13.1,
such that we have canonical isomorphisms
Gk(NGˆ(q), bq)
∼= Gk
(
LˆF(b,Gˆ)(q)
)
∼= Gk
( ˆ˜F(b,Gˆ)(q)) 4.13.2.
4.14. Actually, it is easily checked from the corresponding definitions
that the k∗-quotient LF(b,Gˆ)(q) of LˆF(b,Gˆ)(q) coincides with the F(b,Gˆ)-localizer
LF(b,Gˆ)(q) of q [6, Theorem 18.6]; in particular, from [6, Remark 18.7] it is
easy to check that we have the equivalence of categories
NF(b,Gˆ)(q)
∼= FLF
(b,Gˆ)
(q) 4.14.1
where FLF
(b,Gˆ)
(q) denotes the Frobenius category associated with the group
LF(b,Gˆ)(q) [6, 1.8]; note that 1 is the unique block of LˆF(b,Gˆ)(q) and that we
have
FLF
(b,Gˆ)
(q) = F(1,LˆF
(b,Gˆ)
(q)) 4.14.2.
Moreover, it follows from [6, Corollary 3.6] that we also have an equivalence
of categories
NF(b,Gˆ)(q)
∼= F(bq,NGˆ(q)) 4.14.3,
so that the blocks bq of NGˆ(q) and 1 of LˆF(b,Gˆ)(q) have the same Frobenius
NP (q)-category.
4.15. More precisely, it follows from [10, Corollary 3.15] that the blocks
bq of NGˆ(q) and 1 of LˆF(b,Gˆ)(q) are basic Morita equivalent [5, 7.1]; in par-
ticular, it follows from [5, 7.6] that the corresponding functors
âut(F(bq,NGˆ(q)))
sc and âut(F(1,LˆF
(b,Gˆ)
(q)))
sc 4.15.1
are isomorphic; hence, denoting by Outk∗(Gˆ)b,q the stabilizer of the G-conju-
gacy class of q in Outk∗(Gˆ)b , we also have an OOutk∗(Gˆ)b,q-isomorphism
Gk(F(bq,NGˆ(q)),âut(F(bq,NGˆ(q)))
sc )
∼= Gk
(
F(1,LˆF
(b,Gˆ)
(q)), âut(F(1,LˆF
(b,Gˆ)
(q)))
sc
) 4.15.2.
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But, by the very definition of inverse limit , it is quite clear that we have an
OOutk∗
(
LˆF(b,Gˆ)(q)
)
-isomorphism (cf. 1.7.2)
Gk
(
F(1,LˆF
(b,Gˆ)
(q)), âut(F(1,LˆF
(b,Gˆ)
(q)))
sc
)
∼= Gk
(
LˆF(b,Gˆ)(q)
)
4.15.3.
Consequently, from isomorphisms 4.13.2 we obtain OOutk∗(Gˆ)b,q-isomor-
phisms
Gk(F(bq,NGˆ(q)), âut(F(bq,NGˆ(q)))
sc ) ∼= Gk(NGˆ(q), bq)
∼= Gk
( ˆ˜F(b,Gˆ)(q)) 4.15.4.
4.16. In particular, if we have Gˆ = NGˆ(q) , either q(0) = {1} which
forces P = {1} , so that b is a block of defect zero and equality 4.6.2 is
tautologically true, or we have Op(Gˆ) 6= {1} and therefore the pair (b, Gˆ)
fulfills equality 4.4.2 (cf. 4.4); in this case, we get equality 4.6.2 from the left-
hand isomorphism in 4.15.4. Otherwise, we have Gˆ 6= NGˆ(q) for any regular
(F˜(b,Gˆ))
sc
- chain q fully normalized in F˜(b,Gˆ) and therefore it follows from our
induction hypothesis (cf. 4.4) that for any cyclic subgroup C of Outk∗(Gˆ)b ,
denoting by Cq the stabilizer in C of the isomorphism class of q , we get
rankO
(
Gk
( ˆ˜F(b,Gˆ)(q))Cq)
=
∑
(Q,f)∈Qq
rangO
(
Gk
( ˆ˜F(bq,NGˆ(q))(Q), o(Q,f))Cq,(Q,f)) 4.16.1.
where Qq denotes a set of representatives, contained in a maximal Brauer
(bq, NGˆ(q))-pair, for the set of NG(q)-conjugacy classes of selfcentralizing
Brauer (bq, NGˆ(q))-pairs and, for any (Q, f) ∈ Qq , Cq,(Q,f) denotes the
stabilizer in Cq of the NG(q)-conjugacy class of (Q, f) ; note that we have
o(Q,f) 6= 0 only if
Op
( ˆ˜F(bq,NGˆ(q))(Q)) = {1} 4.16.2,
so that only if Q is F(bq,NGˆ(q))-radical (see A4 below).
4.17 At this point, in order to prove equality 4.6.2, we have to compute
the double sum (cf. 4.12.1)∑
qˇ∈R
F
(b,Gˆ)
∑
(R,g)∈Rq
(−1)ℓ(q)rangO
(
Gk
( ˆ˜F(bq,NGˆ(q))(R), o(R,g))Cq,(R,g)) 4.17.1.
where, for any qˇ ∈ RF(b,Gˆ) , Rq is the subset of R ∈ Qq which are F(bq,NGˆ(q))-
radical . But, for such a q : ∆n → (F(b,Gˆ))
sc
, q(n) is actually a normal p-sub-
group of NGˆ(q) and thus, according to Lemma A5 below, R contains q(n) ;
thus, if R ∼= q(0) then n = 0 ; otherwise, either R 6= q(n) and we consider
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the regular (F(b,Gˆ))
sc
-chain q̟ : ∆n+1 → (F(b,Gˆ))
sc
extending q and mapping
n + 1 on R and the ∆n-morphism n • n + 1 on the corresponding inclusion
map, or R = q(n) and we can consider the restriction q̟ : ∆n−1 → (F(b,Gˆ))
sc
of q . In both cases, R remains an NF(b,Gˆ)(q
̟)-radical subgroup of NP (q
̟)
and we clearly have(
Gk
( ˆ˜F(bq̟ ,NGˆ(q̟))(R), o(R,g))Cq̟,(R,g)
∼=
(
Gk
( ˆ˜F(bq,NGˆ(q))(R), o(R,g)))Cq,(R,g)
4.17.2;
moreover, we obviously have (q̟)̟ = q . In conclusion, since we clearly have
|ℓ(q̟)− ℓ(q)| = 1 , the double sum 4.17.1 becomes∑
(R,g)
rankO
(
Gk
( ˆ˜F(b,Gˆ)(R), o(R,g))C(R,g)) 4.17.3
where (R, g) runs over a set of representatives contained in (P, e) for the set
of G-conjugacy classes of selfcentralizing Brauer (b, Gˆ)-pairs such that R is
a fully normalized F(b,Gˆ)-radical subgroup of P , proving equality 4.6.2. We
are done.
Appendix: Radical functions over folded Frobenius categories
A1. The contents of this Appendix rises from [12] where Jacques The´ve-
naz adopts the old point of view consisting on that, in a finite group G ,
the word “local” is synonymous of “concerning the family of normalizers of
nontrivial p-subgroups”. Here we exhibit what seems a more adequate frame-
work, involving Frobenius categories. As a matter of fact, our arguments are
useful in the proof of our main result above. Let P be a finite p-group and
denote by iGr the category formed by the finite groups and by the injective
group homomorphisms, and by FP the subcategory of iGr where the objects
are all the subgroups of P and the morphisms are the group homomorphisms
induced by conjugation by elements of P .
A2. Recall that a Frobenius P -category F is a subcategory of iGr con-
taining FP where the objects are all the subgroups of P and the morphisms
fulfill the following three conditions [6, 2.8 and Proposition 2.11]
A2.1 For any subgroup Q of P the inclusion functor (F)Q → (iGr)Q is full.
A2.2 FP (P ) is a Sylow p-subgroup of F(P ) .
A2.3 If Q is a subgroup of P fulfilling ξ
(
CP (Q)
)
= CP
(
ξ(Q)
)
for any
F-morphism ξ :Q·CP (Q) → P , if ϕ :Q → P is an F-morphism and if R
is a subgroup of NP
(
ϕ(Q)
)
containing ϕ(Q) such that FP (Q) contains the
action of FR
(
ϕ(Q)
)
over Q via ϕ , then there is an F-morphism ζ :R → P
fulfilling ζ
(
ϕ(u)
)
= u for any u ∈ Q .
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As in [6, 1.2], for any pair of subgroups Q and R of P , we denote by F(Q,R)
the set of F -morphisms from Q to R and set F(Q) = F(Q,Q) ; moreover,
recall that, for any category C and any C-object C , CC (or (C)C to avoid
confusion) denotes the category of “C-morphisms to C” [6, 1.7].
A3. Given a Frobenius P -category F , a subgroup Q of P and a sub-
group K of the group Aut(Q) of automorphisms of Q , we say that Q is fully
K-normalized in F if we have [6, 2.6]
ξ
(
NKP (Q)
)
= N
ξK
P
(
ξ(Q)
)
A3.1
for any F -morphism ξ :Q·NKP (Q)→ P , where N
K
P (Q) is the converse image
of K in NP (Q) via the canonical group homomorphism NP (Q) → Aut(Q)
and ξK is the image of K in Aut
(
ξ(Q)
)
via ξ . Recall that if Q is fully
K-normalized in F then we have a new Frobenius NKP (Q)-category N
K
F (Q)
where, for any pair of subgroups R and T of NKP (Q) ,
(
NKF (Q)
)
(R, T ) is
the set of group homomorphisms from T to R induced by the F -morphisms
ψ :Q·T → Q·R which stabilize Q and induce on it an element of K [6, 2.14
and Proposition 2.16].
A4. We say that a subgroup Q of P is F-selfcentralizing if we have
CP
(
ϕ(Q)) ⊂ ϕ(Q) A4.1
for any ϕ ∈ F(P,Q) , and we denote by F
sc
the full subcategory of F over
the set of F -selfcentralizing subgroups of P . From the case of the Frobe-
nius P -categories associated with a block of a finite group, we know that it
only makes sense to consider central k∗-extensions of F(Q) whenever Q is
F -selfcentralizing [6, 7.4]; but, if U is a subgroup of P fully K-normalized
in F for some subgroup K of Aut(U) , a NKF (U)-selfcentralizing subgroup of
NP (Q) need not be F -selfcentralizing, which is a handicap when comparing
choices of central k∗-extensions in F and inNKF (U) . In order to overcome this
difficulty, we consider the F-radical subgroups of P ; we say that a subgroup
R of P is F-radical if it is F -selfcentralizing and we have
Op
(
F˜(R)
)
= {1} A4.2
where F˜(R) = F(R)/FR(R) [6, 1.3]; we denote by F
rd
the full subcategory
of F over the set of F -radical subgroups of P .
Lemma A5 Let F be a Frobenius P -category, U a subgroup of P and K a
subgroup of Aut(U) containing Int(U) . If U is fully K-normalized in F then
any NKF (U)-radical subgroup R of N
K
P (U) contains U and, in particular, it
is F-selfcentralizing.
Proof: It is quite clear that the image of NU·R(R) in
(
NKF (U)
)
(R) is a
normal p-subgroup and therefore it is contained in Op
((
NKF (U)
)
(R)
)
, so
that NU·R(R) = R which forces U ·R = R .
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Moreover, for any F -morphism ψ :R → P , it is clear that ψ(U) is a
normal subgroup of ψ(R)·CP
(
ψ(R)
)
and therefore, since U is also fully cen-
tralized in F [6, Proposition 2.12], it follows from A2.3 that there is an
F -morphism
ζ : ψ(R)·CP
(
ψ(R)
)
−→ P A5.1
fulfilling ζ
(
ψ(u)
)
= u for any u ∈ U , so that the group homomorphism from
R to NKP (U) mapping v ∈ R on ζ
(
ψ(v)
)
is a NKF (U)-morphism; in particular,
ζ
(
ψ(R)
)
is also NKF (U)-selfcentralizing and therefore we get
ζ
(
CP
(
ψ(R)
))
⊂ ζ
(
ψ(R)
)
A5.2
which forces CP
(
ψ(R)
)
⊂ ψ(R) . We are done.
A6. Here, we have to deal with F
sc
-chains and coherent choices of
central k∗-extensions for the F
sc
-automorphism groups. Recall that we call
F
sc
-chain any functor q : ∆n → F
sc
where the n-simplex ∆n is considered as
a category with the morphisms defined by the order relation [6, A2.2]; let us
call n the length of q and set n = ℓ(q) ; recall that q is regular if q(i−1•i) is not
an isomorphism for any 1 ≤ i ≤ n [6, A5.2]. Then, we consider the category
ch∗(F
sc
) where the objects are all the F
sc
-chains q and the morphisms from
q : ∆n → F
sc
to another F
sc
-chain r : ∆m → F
sc
are the pairs (ν, δ) formed
by an order-preserving map or, equivalently, a functor δ : ∆m → ∆n and by
a natural isomorphism ν : q ◦ δ ∼= r , the composition being defined by the
composition of maps and of natural isomorphisms [6, A2.8].
A7. We say that an F
sc
-chain q : ∆n → F
sc
is fully normalized in F
if q(n) is fully normalized in F and if, moreover, setting P ′ = NP
(
q(n)
)
and F ′ = NF
(
q(n)
)
, whenever n ≥ 1 the F ′-chain q′ : ∆n−1 → F ′ mapping
i ∈ ∆n−1 on the image of q(i • n) , and the ∆n−1-morphisms on the cor-
responding inclusion maps, is fully normalized in F ′ [6, 2.18]; note that,
by [6, Proposition 2.7], any F
sc
-chain admits a ch∗(F
sc
)-isomorphic F -chain
fully normalized in F . Moreover, if q is fully normalized in F and n ≥ 1 , we
inductively define [6, 2.19]
NP (q) = NP ′(q
′) and NF(q) = NF ′(q
′) A7.1,
and it follows from [6, Proposition 2.16] that NF (q) is a Frobenius NP (q)-ca-
tegory; actually, according to [6, Lemma 2.17] and denoting by F(q) the
image in F
(
q(n)
)
of the group of natural automorphisms of q , q(n) is fully
F(q)-normalized in F and we have
NP (q) = N
F(q)
P
(
q(n)
)
and NF(q) = N
F(q)
F
(
q(n)
)
A7.2.
25
Recall that we have a canonical functor [6, Proposition A2.10]
autFsc : ch
∗(F
sc
) −→ Gr A7.3
mapping any F
sc
-chain q : ∆n → F
sc
on F(q) .
A8. We define a folded Frobenius category as a triple (P,F , âutFsc )
formed by a finite p-group P , by a Frobenius P -category F and by the
choice of a functor
âutFsc : ch
∗(F
sc
) −→ k∗-Gr A8.1
lifting autFsc ; note that, for any finite k
∗-group Gˆ and any block b of Gˆ ,
denoting by P a defect p-subgroup of b , Theorem 11.32 in [6] guarantees
de existence of a folded Frobenius category (P,F(b,Gˆ), âut(F(b,Gˆ))
sc ) . Mutatis
mutandis , we consider the category ch∗(F
rd
) and the canonical functor
aut
F
rd : ch∗(F
rd
) −→ Gr A8.2;
then, it follows from Lemma A5 above and from the following result [9, Theo-
rem 2.9] that, for any subgroup U of P fully K-normalized in F for some sub-
group K of Aut(U) , we still get a folded Frobenius category NK
(P,F ,âut
F
sc )
(U)
formed by the p-group NKP (U) , the Frobenius N
K
P (U)-category N
K
F (U) and
the unique functor
âutNK
F
(U)sc : ch
∗
(
NKF (U)
sc)
−→ k∗-Gr A8.3
extending the restriction of âutFsc to ch
∗
(
NKF (U)
rd)
.
Theorem A9. Any functor âut
F
rd lifting aut
F
rd to the category k∗-Gr can
be extended to a unique functor lifting autFsc .
âutFsc : ch
∗(F
sc
) −→ k∗-Gr A9.1
A10. On the other hand, let us call k∗-localizer any k∗-group Lˆ with
finite k∗-quotient L fulfilling CL
(
Op(L)
)
= Z
(
Op(L)
)
; note that 1 is the
unique block of Lˆ . Following Dade, let us call radical chain of Lˆ any subset
r of p-subgroups of Lˆ which is totally ordered by the inclusion and, for any
R ∈ r , fulfills R = Op
(
NLˆ(r
R)
)
where rR is the subset of r of all the elements
contained in R ; note that any element of r contains Op(L) and that r can
be identified with a regular F
sc
(1,Lˆ)
-chain. Now, a Q-valued function f defined
over the set of isomorphism classes of folded Frobenius categories is called
radical whenever there exists a Q-valued function f∗ defined over the set
of isomorphism classes of k∗-localizers such that for any folded Frobenius
category (P,F , âutFsc ) we have
f(P,F , âutFsc ) =
∑
R
f∗
(
LˆF(R)
)
A10.1
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where R runs over a set of representatives fully normalized in F for the set
of F -isomorphism classes of F -radical subgroups of P and, for such an R ,
LF(R) denotes the F -localizer of R [6, Theorem 18.6] and LˆF(R) is the
k∗-localizer coming from the pull-back
âutFsc (R) −→ F(R)
↑ ↑
LˆF(R) −→ LF(R)
A10.2.
Theorem A11. A Q-valued function f defined over the set of isomorphism
classes of folded Frobenius categories is radical if and only if for any folded
Frobenius category (P,F , âutFsc ) we have
f(P,F , âutFsc ) =
∑
q
(−1)ℓ(q)f
(
NP (q), NF(q), âutNF (q)sc
)
A11.1
where q runs over a set of representatives, fully normalized in F , for the
set of F-isomorphism classes of regular F
sc
-chains. In this case, for any
k∗-localizer Lˆ , choosing a Sylow p-subgroup Q of Lˆ we have
f∗(Lˆ) =
∑
r
(−1)ℓ(r)f(NQ(r),F(1,NLˆ(r)), âutF
sc
(1,N
Lˆ
(r))
) A11.2
where r runs over a set of representatives, contained in Q and fully normal-
ized in F(1,Lˆ) , for the set of Lˆ-conjugacy classes of radical chains of Lˆ such
that r(0) = Op(Lˆ) .
Proof: Firstly assume that f fulfills all the equalities A11.1; then, we claim
that it suffices to choose the function f∗ defined by the equalities A11.2; that
is to say, we claim that for any folded Frobenius category (P,F , âutFsc ) we
have
f(P,F , âutFsc )
=
∑
R
∑
r
(−1)ℓ(r)f(NNP (R)(r),F(1,NLˆF (R)(r))
, âutFsc
(1,N
LˆF (R)
(r))
)
A11.3
where R runs over a set of representatives fully normalized in F for the set
of F -isomorphism classes of F -radical subgroups of P and, for such an R ,
r runs over a set of representatives, contained in NP (R) and fully normalized
in F(1,LˆF(R)) , for the set of LˆF(R)-conjugacy classes of radical chains of
LˆF(R) such that r(0) = R .
But, it is quite clear that such an r can be considered as a regular
F
sc
-chain which is also fully normalized in F , and that two of them r
and r′ fulfilling r(0) = r′(0) are LˆF
(
r(0)
)
-conjugate if and only if they are
F -isomorphic; moreover, we clearly have [6, Theorem 18.6]
NNP (R)(r) = NP (r) and F(1,NLˆF (R)(r))
∼= NF (r) A11.4.
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That is to say, the sum in the right-hand member of equality A11.3 contains
all the terms of the sum in the right-hand member of equality A11.1 and
therefore, in order to prove our claim, it suffices to show that the sum of the
remaining terms is equal to zero. Hence, our claim follows from Lemmas A13
and A14 below since the set of isomorphism classes of the remaining terms
coincides with the set N
F
0 −R
F
defined below.
Conversely, assume that f is radical; first of all, we prove that f de-
termines f∗ ; it suffices to show that a Q-valued function g defined over the
set of isomorphism classes of k∗-localizers Lˆ vanish if any folded Frobenius
category (P,F , âutFsc ) fulfills
0 =
∑
R
g
(
LˆF(R)
)
A11.5
where R runs over a set of representatives fully normalized in F for the set of
F -isomorphism classes of F -radical subgroups of P ; we argue by induction
on |L| .
We choose a Sylow p-subgroup Q of L and apply equality A11.5 to the
folded Frobenius category (Q,F(1,Lˆ), âutF(1,Lˆ)) , so that we have
0 =
∑
R
g
(
LˆF(1,Lˆ)(R)
)
A11.6
where R runs over a set of representatives fully normalized in F(1,Lˆ) for the
set of F(1,Lˆ)-isomorphism classes of F(1,Lˆ)-radical subgroups of Q ; but, it
follows from Lemma A5 that such an R contains Op(L) ; moreover, it follows
from [6, Corollary 3.6 and Theorem 18.6] that we have
LˆF(1,Lˆ)(R)
∼= NLˆ(R) A11.7
and it is clear that Op(L) is an F(1,Lˆ)-radical subgroup of Q ; since R 6= Op(L)
forces |NL(R)| < |L| , the induction hypothesis implies that all the terms but
one vanish in the right hand member of equality A11.6, so that we also
obtain g(Lˆ) = 0 .
Finally, we have to prove that equality A11.1 holds; let (P,F , âutFsc ) be a
folded Frobenius category; then, for any F
sc
-chain q : ∆n → F
sc
fully normal-
ized in F , we have the folded Frobenius category
(
NP (q), NF(q), âutNF (q)sc
)
and therefore we still have
f
(
NP (q), NF (q), âutNF (q)sc
)
=
∑
R
f∗
(
LˆNF (q)(R)
)
A11.8
where R runs over a set of representatives fully normalized in NF (q) for
the set of NF(q)-isomorphism classes of NF(q)-radical subgroups of NP (q) ;
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consequently, we get
∑
q
(−1)ℓ(q)f
(
NP (q), NF (q),âutNF (q)sc
)
=
∑
q
(−1)ℓ(q)
∑
R
f∗
(
LˆNF(q)(R)
) A11.9
where q runs over a set of representatives, fully normalized in F , for the set
of F -isomorphism classes of regular F
sc
-chains and, for such a q , R runs over
a set of representatives fully normalized in NF (q) for the set of NF(q)-iso-
morphism classes of NF(q)-radical subgroups of NP (q) .
Once again, it follows from Lemma A13 below that it suffices to consider
the sum whenever q belongs to N
F
; moreover, we may assume that q(i−1) is
contained in q(i) and that q(i−1 • i) is the inclusion map for any 1 ≤ i ≤ n ;
in this case, since q(i) ⊂ NP (q) for any i ∈ ∆n , we actually have
q(i) ⊂ Op
(
LˆF(q)
)
A11.10
for any i ∈ ∆n ; but, it follows from Lemma A5 that R contains Op
(
LˆF(q)
)
;
in particular, if R = q(0) then n = 0 ; otherwise, either we have R 6= q(n) and
we consider the regular F
sc
-chain qτ : ∆n+1 → F
sc
extending q and mapping
n+1 on R and the ∆n-morphism n•n+1 on the corresponding inclusion map,
or we have R = q(n) and we can consider the restriction qτ : ∆n−1 → F
sc
of q .
In both cases, qτ belongs to N
F
and we have R 6= qτ (0) ; moreover, up to
replacing R and q by their image through a suitable F
sc
-morphism R→ P ,
we may assume that qτ is fully normalized in F and then it is easily checked
that we get a k∗-isomorphism
LˆNF(q)(R)
∼= LˆNF(qτ )(R) A11.11;
consequently, since we have (qτ )τ = q , in the sum of the right-hand member
in A11.9 only remain the terms where q(0) = R and n = 0 , and in this case
we have LˆNF(q)(R) = LˆF(R) . In conclusion, we obtain
∑
q
(−1)ℓ(q)f
(
NP (q), NF(q), âutNF (q)sc
)
=
∑
R
f∗
(
LˆF(R)
)
A11.12
where q and R respectively run over sets of representatives fully normalized
in F for the set of F -isomorphism classes of regular F
sc
-chains and for the set
of F -isomorphism classes of F -radical subgroups of P , so that the right-hand
member coincides with f(P,F , âutFsc ) . We are done.
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A12. Let (P,F , âutFsc ) be a folded Frobenius category. For any i ∈ N ,
we denote by N
F
i the set of F -isomorphisms classes of regular F
sc
-chains
q : ∆n → F
sc
such that, for any j ∈ ∆n , if j < i then the image of q(j)
in q(n) is normal ; moreover, setting N
F
= ∩i∈NN
F
i , we denote by R
F
i the
set of F -isomorphisms classes in N
F
of F
sc
-chains q : ∆n → F
sc
such that,
for any j ∈ ∆n , if j < i then q(j) is NF(q
j)-radical where qj : ∆j → F
sc
is
the restriction of q , up to replacing qj by an F -isomorphic F
sc
-chain fully
normalized in F ; finally, we set R
F
= ∩i∈NR
F
i . It is clear that the stabilizer
Aut(P )F of F in Aut(P ) acts on N
F
i and on R
F
i for any i ∈ N .
Lemma A13. With the notation above, for any i ≥ 1 there is an Out(P )F -
stable involution τi of the set N
F
i−1 −N
F
i such that, if the isomorphism class
q˜ of an F
sc
-chain q fully normalized in F belongs to N
F
i−1 − N
F
i , then we
have
N
(P,F ,âut
F
sc )
(q) ∼= N
(P,F ,âut
F
sc )
(qτi)
LˆF(q) ∼= LˆF(q
τi) and |ℓ(q)− ℓ(qτi)| = 1
A13.1
for a choice in τi(q˜) of an F
sc
-chain qτi fully normalized in F .
Proof: We may assume that N
F
i−1 − N
F
i 6= ∅ and let q : ∆n → F
sc
be an
F
sc
-chain fully normalized in F with its isomorphism class q˜ in this set; we
consider the minimal j ∈ ∆n such that i ≤ j and that the image Q of q(i−1)
in q(j) is not normal; then, Nq(j)(Q) is a proper subgroup of q(j) containing
the image of q(j−1) . If Nq(j)(Q) coincides with this image, we have i 6= j−1
and we consider the F
sc
-chain q′ : ∆n−1 → F
sc
which coincides with q over
∆j−2 and maps ℓ ≥ j − 1 on q(ℓ + 1) ; otherwise, we consider the F
sc
-chain
q′ : ∆n+1 → F
sc
which coincides with q over ∆j−1 and maps j on Nq(j)(Q)
and ℓ ≥ j + 1 on q(ℓ − 1) . In both cases, note that the isomorphism class
of q′ still belongs to N
F
i−1−N
F
i and that j ∈ ∆n is also the minimal element
such that i ≤ j and that the image of q′(i− 1) in q′(j) is not normal.
Let us replace q′ by an isomorphic F
sc
-chain qτi fully normalized in F ;
in both cases, it is easily checked that such an F -isomorphism induces the
following F -isomorphism, equivalence of categories and natural isomorphism
NP (q) ∼= NP (q
τi) , NF (q) ∼= NF(q
τi) and âutNF (q)sc
∼= âutNF (qτi )sc A13.2;
consequently, according to [6, Theorem 18.6] and the pull-back A10.2, we get
LˆF(q) ∼= LˆF(q
τi) A13.3.
Thus, it suffices to define τi as the map sending the isomorphism class of q
to the isomorphism class of qτi . We are done.
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Lemma A14. With the notation above, for any i ≥ 1 there is an Out(P )F -
stable involution ̟i of the set R
F
i−1−R
F
i such that, if the isomorphism class
q˜ of an F
sc
-chain q fully normalized in F belongs to R
F
i−1 − R
F
i , then we
have
N
(P,F ,âut
F
sc )
(q) ∼= N
(P,F ,âut
F
sc )
(q̟i)
LˆF(q) ∼= LˆF(q
̟i) and |ℓ(q)− ℓ(q̟i)| = 1
A14.1
for a choice in ̟i(q˜) of an F
sc
-chain q̟i fully normalized in F .
Proof: We may assume that R
F
i−1 − R
F
i 6= ∅ and let q : ∆n → F
sc
be an
F
sc
-chain fully normalized in F with its isomorphism class q˜ in this set; that
is to say, since R
F
i−1 ⊂ N
F
, q(i − 1) is contained in NP (qi−1) and it is not
NF(q
i−1)-radical (cf. A7); thus, the structural image of q(i− 1) in LF(qi−1)
is a proper subgroup of Op
(
LF(q
i−1)
)
, and we consider the maximal j ∈ ∆n
such that i − 1 ≤ j and that the structural image Q of q(j) in LF(qj) is a
proper subgroup of R = Op
(
LF(q
j)
)
.
First of all, note that R normalizes the structural image of qj in LF(q
j) ;
moreover, if j < n then the structural image of q(j + 1) in LF(q
j+1) coin-
cides with OP
(
LF(q
j+1)
)
and therefore, since we have [6, 2.13.2 and Propo-
sition 18.16]
LF(q
j+1) ∼= NLF(qj)(T ) A14.2
where T denotes the structural image of q(j + 1) in LF(q
j) , we still have
NR(T ) ⊂ T , so that T contains R ; in conclusion, the structural image of
q(j + 1) in LF(q
j) contains Op
(
LF(q
j)
)
which properly contains the struc-
tural image of q(j) . If j < n and T = R then we consider the F
sc
-chain
q′ : ∆n−1 → F
sc
which coincides with q over ∆j and maps ℓ ≥ j+1 on q(ℓ+1) ;
otherwise, we consider the F
sc
-chain q′ : ∆n+1 → F
sc
which coincides with q
over ∆j and maps j + 1 on Op
(
LF(q
j)
)
and ℓ ≥ j + 1 on q(ℓ − 1) . In both
cases, note that the isomorphism class of q′ still belongs to R
F
i−1 −R
F
i and
that j ∈ ∆n is also the maximal element such that i − 1 ≤ j and that the
structural image of q′(j) in LF(q
′j) is a proper subgroup of Op
(
LF (q
′j)
)
.
Let us replace q′ by an isomorphic F
sc
-chain q̟i fully normalized in F ;
in both cases, it is easily checked that such an F -isomorphism induces the
following isomorphism of folded Frobenius categories
N
(P,F ,âut
F
sc )
(q) ∼= N
(P,F ,âut
F
sc )
(q̟i) A14.3;
consequently, according to [6, Theorem 18.6] and the pull-back A10.2, we get
LˆF (q) ∼= LˆF(q
̟i) A14.4.
Thus, it suffices to define ̟i as the map sending the isomorphism class of q
to the isomorphism class of q̟i . We are done.
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A15. For any k∗-group Gˆ , recall that we denote by Gk(Gˆ) the scalar
extensions from Z to O of the Grothendieck group of the categories of finite-
dimensional k∗Gˆ-modules; it is well-known that we have a contravariant func-
tor
gk : k
∗-Gr −→ O-mod A15.1
mapping Gˆ on Gk(Gˆ) and any k
∗-group homomorphism ϕˆ : Gˆ → Gˆ′ on
the corresponding restriction map. Then, for any folded Frobenius category
(P,F , âutFsc ) , we consider the composed functor
ch∗(F
sc
)
âut
F
sc
−−−−→ k∗-Gr
gk−−→ O-mod A15.2
and we define the (modular) Grothendieck group of (P,F , âutFsc ) as the in-
verse limit
Gk(P,F , âutFsc ) = lim
←−
(gk ◦ âutFsc ) A15.3;
at this point, it follows from [9, Corollary 8.4] suitably adapted and from
Theorem A11 above that the Z-valued function r mapping (P,F , âutFsc ) on
rankO
(
Gk(P,F , âutFsc )
)
is a radical function and, if the Alperin Conjecture
holds, it is easily checked from [1, Theorem 3.8] and from Theorem A11 above
that r∗ maps any k∗-localizer Lˆ on the number of blocks of defect zero of the
quotient Lˆ/Op(Lˆ) .
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